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Abstract. The on-demand tailoring of light’s spatial shape is of great relevance in
a wide variety of research areas. Computer-controlled devices, such as Spatial Light
Modulators (SLMs) or Digital Micromirror Devices (DMDs), offer a very accurate,
flexible and fast holographic means to this end. Remarkably, digital holography affords
the simultaneous generation of multiple beams (multiplexing), a tool with numerous
applications in many fields. Here, we provide a self-contained tutorial on light beam
multiplexing. Through the use of several examples, the readers will be guided step
by step in the process of light beam shaping and multiplexing. Additionally, on the
multiplexing capabilities of SLMs to provide a quantitative analysis on the maximum
number of beams that can be multiplexed on a single SLM, showing approximately
200 modes on a single hologram.
1. Introduction
Pioneering work in laser beam shaping can be traced back to the 1980s but its full
development was only attained in the following decades [1]. Over this period, different
techniques were elucidated to reshape amplitude and phase, either internal or external
to resonator cavities. In these techniques the use of amplitude and phase as well as
refractive, adaptive or diffractive optical elements was very common. Along this line,
holographic methods had emerge as one of the most powerful techniques, prompted
by the development of modern computer-controlled devices, such as Spatial Light
Modulators (SLMs) and Digital Micromirror Devices (DMDs) [2–5]. SLMs are pixelated
screens formed by several hundreds of thousands of cells filled with liquid crystal
molecules. This technology can be implemented either with transparent or reflective
liquid crystals on silicon, LCDs and LCoS respectively. The molecular alignment
within the pixels dictates the type of modulation the SLM imparts to the light beam:
phase-only, amplitude-only or both amplitude and phase. The device is controlled via
a calibrated voltage that rotates the liquid crystal molecules by a predefined angle,
resulting in a form of birefringent material for a particular orientation of incoming
polarized light. The voltage is regulated pixel by pixel using digital holograms, gray
scale images with 255 tones of gray. A local phase shift, induced by the rotation of the
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molecules, takes place at each pixel of the SLM, resulting in the reshaping of an input
field.
Along with a very high accuracy in the generated light fields [6, 7], digital
holographic devices are very flexible, a feature that has afforded, the development
of friendly-user multitouch screens for optical tweezers [8–10]. This flexibility allows
also for the rapid reconfiguration of the digital hologram [11, 12], to change the shape
and/or position of the output field, a feature that has shown advantages in optical
tweezers [13,14], particle tracking [15,16] and the characterization of complex light fields
[17–22] among many others. Interestingly, SLMs afford the simultaneous generation of
multiple light beams, a feature that also enables a great variety of applications [23–27].
Multiplexing is granted due to the superposition principle in optics which, by virtue
of digital holography, allows the addition (multiplexing) of several holograms written
into a single one. Each hologram of the superposition can be programmed to generate
specific beam shapes at particular locations in the observation plane. The simultaneous
generation of multiple beams has being widely exploited, for example, in the generation
of multiple optical traps [28–30] or the implementation of mode division multiplexing
for optical communication [27,31].
Here we provide a self-contained tutorial aimed at the simultaneous generation
of approximately 200 spatial modes encoded on a single hologram. To this end, we
first introduce the Laguerre-Gaussian (LG) and Hermite-Gaussian (HG) infinite basis
sets (Sec. 2), which we use as our encoding modes. Afterwards, we explain in detail
two commonly used techniques for beam shaping: phase-only and complex amplitude
modulation, followed by an explanation on the generation of the digital holograms (Sec.
3) for beam multiplexing. In Sec. (4) we describe the experimental implementation
of this technique along with a quantitative analysis about the maximum number of
modes that can be multiplexed on SLMs. The quality of the generated beams is
determined through 2D image correlation and we show approximately 200 modes on
a single hologram.
2. Laguerre-Gaussian and Hermite Gaussian modes.
Any electromagnetic field traveling in free-space obeys the wave equation. Well-
known solutions to the wave equation in the paraxial regime can be given in
cylindrical and Cartesian coordinates. The former is given in terms of the generalized
Laguerre polynomials L`p(x) modulated by a Gaussian envelope, which forms an infinite
orthogonal set of solutions, known as the Laguerre-Gaussian, LG`p, modes [32]:
LG`p(ρ, ϕ, z) =
√
2p!
pi(`+ p)!
[√
2ρ
ω(z)
]`
L`p
[
2ρ2
ω2(z)
]
exp[i(2p+ `+ 1)ζ(z)]
ω(z)
exp
[
− ρ
2
ω2(z)
]
exp
[−ikρ2
2R(z)
]
exp[−i`ϕ], (1)
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Figure 1. Theoretical 2D instensity profiles of LG`p and HGnm modes.
Intensity distribution of (a) LG modes with l = [0, 1, 2, 3, 4], p = [0, 2, 3] and (b) HG
modes with n = [0, 1, 2, 3] m = [0, 1, 2].
where, (ρ, ϕ, z) is the position vector of the cylindrical coordinates, ` is an integer number
that accounts for the number of times the phase wraps around the optical axis, p is a
positive integer that accounts for the number of maxima (p + 1) along the transverse
direction. Each solution represents a paraboloidal wave with radius of curvature
R(z) = z[1 + (zR/z)
2], beam waist ω0 and Rayleigh range zR; ω(z) = ω0
√
1 + (z/zR)2
is the beam width as function of z and ζ(z) = arctan(z/zR) is the Gouy phase. Figure
1(a) shows the intensity distributions of the first few LG`p(x) modes with combinations
of p = [0, 1, 3] and ` = [0, 1, 2, 4].
In Cartesian coordinates, the paraxial wave equation allows as solutions the
Hermite-Gaussian modes, HGnm, a product of Hermite polynomials H(x) and a
Gaussian envelope, with n and m positive integers:
HGnm(x, y, z) =
1
ω(z)
√
2−(n+m−1)
pin!m!
exp [i(n+m+ 1)ζ(z)]Hn
[√
2x
ω(z)
]
Hm
[√
2y
ω(z)
]
exp
[
−x
2 + y2
ω2(z)
]
exp
[−ik(x2 + y2)
2R(z)
]
exp[−ikz]. (2)
The parameters ω, ω0, zR, R(z) and ζ(z) are the same as for the LG
`
p modes. The
positive integer subindexes n and m are related to the number of bright lobes of the
transverse intensity profile along x and y respectively. Figure 1 (b) shows the intensity
profile of the modes described by combinations of n = [0, 1, 2, 3] and m = [0, 1, 2].
3. Experimental generation and multiplexing of modes
Shaping of light fields in both amplitude and phase, requires in general a transfer
function capable of modulating both, amplitude and phase. Since most SLMs allow
only the direct control of the phase, several techniques have being proposed to indirectly
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modulate the amplitude [6,7,33–38]. In this section we will briefly explain two of these
techniques, phase-only and complex amplitude modulation. Here we will also explain the
general basics through which multiple beams can be generated using a single hologram.
3.1. Mode generation and multiplexing using phase holograms
In order to generate a phase-only hologram capable to reproduce the amplitude changes
in LG`p modes, it is sufficient, in a first approximation, to encode the changes of sign
given by the Laguerre polynomial L`p in the radial direction. This, in combination with
azimuthal phase variation, generates the transfer function [6],
t(ρ, ϕ) = exp {i [`ϕ+ piΘ(ρ)]} , (3)
where, Θ(ρ) is the Heaviside function that takes into account the sign variations of the
Laguerre-Gauss function and is given by,
Θ(ρ) = Θ
[
L|`|p
(
2ρ2
ω20
)]
. (4)
The above transfer function can be encoded on the SLM along with a linear phase
grating, to separate the different diffraction orders. The transfer function of a linear
phase grating is given by,
tg(x, y) = exp
[
i2pi
(
x
x0
+
y
y0
)]
, (5)
where x0 and y0 are the spatial periods of the grating along the horizontal and vertical
direction respectively. A lens of focal length f is placed at a distance f from the SLM
to separate the diffraction orders in the focal plane of the lens. The final coordinates xf
and yf of the first diffraction order are related to the grating period and the focal length
f by the relations xf = λf/x0 and yf = λf/y0, respectively, where λ is the wavelength
of the incident field. Hence, the transfer function in terms of xf and yf takes the form,
tg(x, y) = exp
[
i2pi
(
x
xf
λf
+ y
yf
λf
)]
. (6)
Hence, the hologram to generate the LG`p mode combined with the diffraction grating
takes the final form,
Φ = mod
{
`ϕ+ piΘ
[
L|`|p
(
2ρ2
ω20
)]
+ 2pi
(
x
xf
λf
+ y
yf
λf
)
, 2pi
}
. (7)
In the above equation, mod[x] represents the modulus function that wraps the phase
around 2pi. A similar approach can be followed to generate HGnm beams [38]. Figure
2 shows the amplitude, phase and holograms encoded on the SLM for LG`p 2(a) and
HGnm 2(b) modes.
To generate multiple beams simultaneously, we combined on a single hologram
a superposition of multiple holograms, each with a unique spatial carrier frequency, as
illustrated in Fig. 3(a). Clearly, each spatial frequency (1/x0, 1/y0) directs the generated
beam to a particular location in the Fourier plane, as illustrated in Fig 3(b). Careful
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Figure 2. Digital holograms, phase and amplitude for LG`p and HGnm
modes. The first row shows the amplitude while the corresponding phase profiles are
given in the second row. Phase only and complex-amplitude modulation holograms
shown in the third and fourth row, respectively were encoded on the SLM to generate
(a) LG`p and (b) HGmn modes.
selection of the spatial frequencies allows a proper distribution of the multiplexed beams
to avoid any overlapping. The final hologram ΦM for M multiplexed beams takes the
form,
ΦM =
M∑
j=1
mod
[
`jϕ+ piΘj(ρ) + 2pi
(
x
xjf
λf
+ y
yjf
λf
)
, 2pi
]
. (8)
The specific locations of each mode can be selected by properly choosing `j, Θj(ρ) and
(xjf , y
j
f ).
3.2. Mode generation and multiplexing using complex amplitude modulation
Complex amplitude modulation can be achieved in many ways, in this tutorial we will
only focus on the method proposed by Arrizon et al. [34] that produces the highest
quality mode compared to other methods [33,37]. To start with, lets consider a field of
amplitude A(r) and phase φ(r) of the form,
U(r) = A(r) exp[iφ(r)] (9)
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Figure 3. Multiplexing concept. (a) A superposition of holograms with unique
carrier frequencies (grating) forming a single hologram encoded on to the SLM. The
unique carrier frequencies correspond to a specific spatial position, on the Fourier
plane, of the encoded modes as shown in (b).
with A(r) and φ(r) in the intervals [0,1] and [−pi, pi], respectively. One way to indirectly
modulate the amplitude from phase modulation can be done by writing Eq. 9 as
h(r) = exp{iΦ[A(r), φ(r)]} (10)
Everything reduces to finding the function Φ[A(r), φ(r)]. This can be done by expanding
Eq. 10 as a Fourier series of the form
h(r) =
∞∑
q=−∞
cAq exp[iqφ(r)], (11)
where,
cAq =
1
2pi
∫ pi
−pi
exp{iΦ[A(r), φ(r)]} exp[−iqφ(r)]dφ. (12)
The field U(r) (Eq. 9), can be recovered from the first term of the above equation
provided,
cA1 =
1
2pi
∫ pi
−pi
exp{iΦ[A(r), φ(r)]} exp[−iφ(r)]dφ = A(r)a, (13)
with a a positive constant. Equation 13 can be fulfilled if,∫ pi
−pi
sin{iΦ[A(r), φ(r)]}dφ = 0, (14)∫ pi
−pi
cos{iΦ[A(r), φ(r)]}dφ = 2pia, (15)
which provides an appropriate basis to determine Φ[A(r), φ(r)]. In Eq. 15 the value
of the constant a is in the interval [0,1], which limits the efficiency of the generated
hologram. While different solutions to Eqs. 14 and 15 can be found, here we will only
focus on a solution with odd symmetry, namely,
Φ[A(r), φ(r)] = f [A(r)] sin[φ(r)], (16)
which corresponds to type 3 hologram in reference [34], according to which h(r) =
exp{if [A(r)] sin[φ(r)]} can be expanded, using the Jacobi-Anger identity as,
exp{if [A(r)] sin[φ(r)]} =
∞∑
s=−∞
Js{f [A(r)]} exp[isφ(r)], (17)
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where, s is an integer and Js are the Bessel function. Direct comparison of Eqs. 17 and
11 yields,
cAq (r) = Jq{f [A(r)]}. (18)
Equation 13 yields the final expression
cA1 (r) = J1{f [A(r)]} = A(r)a, (19)
where J1(x) is the first order Bessel function. Finally, f [A(r)] can be obtained by
numerical inversion of Eq. 19 as,
f [A(r)] = J−11 [A(r)a] (20)
The inversion of the J1(x) is guaranteed in the interval [0, xm], being xm = 1.84 the
value where J1(x) reaches its first maximum J1(xm) = 0.5819. This restriction limits
the values of φ[A(r), φ(r)] to the reduced domain [−0.586pi, 0.586pi], which implies that
the maximum phase shift that can be obtained with this method is ∆φ = 1.17pi.
To generate the required holograms to transform an input light field into LG`p or
HGnm, we can consider the SLM to be located at z = 0 and simplify Eqs. 1 and 2 as,
LG`p(ρ, ϕ, z) =
1
ω0
√
2p!
pi(`+ p)!
[√
2ρ
ω0
]`
L`p
[
2ρ2
ω20
]
exp
[
− ρ
2
ω20
]
exp[−i`ϕ] (21)
and
HGnm(x, y, z) =
1
ω0
√
2−(n+m−1)
pin!m!
Hn
[√
2x
ω0
]
Hm
[√
2y
ω0
]
exp
[
−x
2 + y2
ω20
]
, (22)
respectively. The phase φ(r) and amplitude A(r) can be easily obtained from the above
equations and inserted into Eq. 20 and finally in Eq. 16 to obtain the desired hologram,
which will take the form
Φ = mod
{
J−11 [0.5819A(r)] sin
[
φ(r) + 1.17pi
(
x
xf
λf
+ y
yf
λf
)]
, 1.17pi
}
. (23)
Figure 2 (fourth row) shows examples of the holograms obtained as described above to
generate LG`p and HGnm modes. Multiplexing of LG
`
P and HGmn can be achieved by
encoding a hologram of the form,
ΦM =
M∑
i=1
mod
{
J−11 [0.5819Ai(r)] sin
[
φi(r) + 1.17pi
(
x
xif
λf
+ y
yif
λf
)]
, 1.17pi
}
, (24)
where, A(r)i and φ(r)i represents the amplitude and phase of the encoded mode,
respectively, xif and y
i
f are the are the final positions of each mode in the vertical
and horizontal direction, respectively. Figure 3 shows multiplexing of three LG`p modes
LG11, LG
0
2 and LG
2
0 with different (x
i
0, y
i
0) values.
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4. Experimental Implementation of mode multiplexing
4.1. Experimental setup
A schematic of the multiplexing setup is shown in Fig. 4. The laser source, a 532 nm
linearly polarized Verdi G Coherent laser was expanded using a telescope constituting
a ×10 microscope objective and a lens L1 of focal length f = 100 mm approximating a
plane wave. The expanded beam impinged onto a reflective Holoeye Pluto spatial light
modulator (SLM) of 1920 × 1080 pixel dimensions with a pixel pitch of 8 µm. The SLM
screen was split into three sections which enabled independent hologram addressing on
each third. A multiplexed hologram to generate LG`p, HGnm or a combination of modes
was encoded on each third of the SLM. Each mode was encoded with a unique carrier
frequency, as explained in section 3, to separate all modes in the far field. The far field
was obtained by placing a lens (L2) of focal length f = 250 mm a distance f from
the SLM and placing the detection plane at a distance f from L2. All the multiplexed
modes were generated in the 1st diffraction order which was separated from the rest
using a spatial filter. The mode quality of the generated modes was tracked using 2D
image correlation, as will be explained in the next section.
4.2. Measurement of mode quality
The quality of the experimentally generated modes was quantified by correlating their
intensity profile against their theoretical counterpart, represented by images A and B
respectively. The 2D images correlation was computed as,
C =
∑
i
∑
j(Aij − A¯)(Bij − B¯)√∑
i
∑
j(Aij − A¯)2
∑
i
∑
j(Bij − B¯)2
, (25)
where C, the correlation coefficient, is a dimensionless parameter that measures the
similarity between two images, 0 for nonidentical images and 1 for identical images. Aij
and Bij are the intensity values per pixel. A¯ and B¯ are the mean intensity values of A
and B respectively.
Figure 4. Schematic of the mode multiplexing setup.The laser beam (532 nm)
is expanded using a 10× microscope objective (MO) and a collimating lens L1 on to a
spatial light modulator (SLM). A hologram of multiplexed LG`p and HGmn modes is
addressed on the SLM. The desired modes are generated at focal plane of the Fourier
lens L2 with unique spatial positions as shown on the screen.
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Figure 5. Mode purity measurements using correlation.The experimental and
theoretical intensity profiles for LG`p and HGnm modes are shown in the top row
together with the corresponding correlations, C. The respective transverse plots are
given in the bottom row. For both LG`p and HGnm modes, the correlation decreases
with increase in the complexity of the mode.
A straightforward correlation measurement of the generated modes provides
information about their quality as a function of their structure complexity. Figure
5 (top) shows the transverse intensity profile of the modes LG23, LG
4
4, HG44 and
HG73 generated through complex amplitude modulation. The corresponding correlation
coefficients are C = 0.96, C = 0.93, C = 0.97 and C = 0.96. A cross-sectional plot
of the mode’s intensity profile, illustrating the intensity variations across the beam, is
also shown in Fig. 5 (bottom). It can also be observed that HGnm modes gives higher
correlation values than LG`p.
A comparison of the mode quality between the two beam shaping techniques, phase-
only and complex amplitude modulation (CAM),was also performed. Figure 6 shows
the theoretical (top) intensity profile of the modes LG31, LG
1
2, LG
2
3, LG
4
4, HG12, HG12,
HG31, HG23 and HG44 along with their corresponding experimental profiles generated
through phase-only (Fig. 6 center row) and CAM (Fig. 6 bottom row). As expected,
the correlation values decreases as the complexity of the modes increases. Moreover,
the correlation values are always higher for modes generated through CAM.
4.3. Beam quality of multiplexed modes
In order to quantify the maximum number of modes an SLM can support, we tracked
the correlation for a specific mode for increasing number of multiplexed modes. Our
threshold for a good quality mode was set at a correlation C = 0.8, which is the
maximum correlation value that a theoretical mode can achieve when compared to
its own binary version, horizontal line in Fig. 7. In our experiment, we split the
SLM’s screen in three independent sections, each of which was addressed with its own
multiplexed hologram. In this way, each third of the SLM behaves as an independent
SLM and can be illuminated with the same source or with different sources and/or
wavelengths [27]. In this way, the number of multiplexed modes increases by a factor
of three. Next, we encoded arbitrary modes on each third of the SLM and tracked
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Figure 6. A comparison of mode purity for phase only and complex-
amplitude modulation (CAM) generated LG`p and HGnm modes. The top row
shows the theoretical intensity distributions with the experimental images obtained
using phase only modulation given in the center row and the corresponding images
obtained using CAM are in the bottom row. The modes generated using CAM present
a higher correlation, C compared to the phase only modes.
the correlation of one of them as we increased the number of multiplexed modes. This
procedure was carried out for both multiplexing schemes and compared afterwards.
Figure 7 (a) shows the correlation as a function of the number of modes for phase-
only holograms whereas Fig. 7(b) shows the same measurements for CAM holograms.
Notice how the correlation values decays very rapidly for phase-only holograms, which
according to our correlation threshold only 75 modes can be multiplexed in order to have
correlation values higher than 0.8. On the contrary, for CAM, the correlation coefficient
Figure 7. Correlation as a function of the number of multiplexed modes.
Plots of the correlation of an LG12 mode with increase in the number modes obtained
with (a) Phase-only and (b) CAM holograms. Only 75 modes of good quality (i.e.
above C = 0.81) were achieved with phase-only modulation while 192 modes can be
multiplexed with CAM keeping a correlation above the set threshold.
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Figure 8. Spatial mode multiplexing of LG`p and HGnm modes. Experimental
images of (a) 25, (b) 36, (c) 42 and (d)-(f) 49 multiplexed modes. The multiplexed
modes can be from the same mode set as illustrated in (a), (b), (d) and (e) i.e. LG`p
and HGnm modes encoded separately or a combination of two mode sets as shown in
(c) and (f). The images only show a maximum of 49 multiplexed modes due to the
limitations of the detector.
remains higher than 0.8 up to about 192 modes.
Figure 8 shows six sets of multiplexed modes, captured with a CCD camera (BFLY-
U3-13S2M-CS from Pointgrey, 1288 × 964 pixels and 3.75 µm pixel size). By properly
choosing the grating period of each multiplexed mode, we can multiplex 25, 36, 42 and
49 modes, as shown in Fig. 8(a), (b), (c) and (d) respectively. In the figures, modes
from the same set Fig. 8 (a),(b) and (d) or from both sets Fig. 8(c) and (f) where
randomly multiplexed.
A simulation of multiplexed beams was carried out using the Fraunhofer
approximation of the angular spectrum method (far field), to extend our results to
other SLM’s screen resolutions. Again, the intensity profile of the simulated mode was
correlated against the theoretical. The modes generated through these simulations are,
non surprisingly, of higher quality but clearly illustrates a decays in the correlation,
as the pixel resolution decreases from 1700 × 1700 to 500 × 500 [Fig. 9(a)]. For
this plot, a single mode (LG12) was generated and its correlation was computed as the
pixel resolution was decreased. The insets shows the intensity profile of this modes at
various resolutions. We also simulated, the correlation as a function of the number of
multiplexed modes for different resolutions, as shown in Fig. 9(b). As in the experiment,
the correlation coefficient decreases as the number of modes increases. The insets of this
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Figure 9. Correlation as a function of the Resolution.
figure, shows the intensity profile of the simulated modes for a resolution of 500 × 500
for different number of multiplexed modes.
5. Concluding remarks
Digital holography has emerged as a powerful technique for light beam shaping,
prompted by the advent of computer controlled devices such as spatial light modulators.
The advantages of light beam shaping through digital devices has been fully exploited
in a wide variety of applications [39–41]. In particular, the simultaneous generation of
multiple beams (multiplexing) has enabled applications in fields as optical tweezers
and optical communications to mention just a few. In this tutorial we presented
a complete description of this technique, while guiding the reader through all the
steps involved in the process. First, we introduced two basis sets of spatial modes,
Laguerre-Gaussian and Hermite Gaussian, that provided with the modes to exemplify
the multiplexing principle. Incidentally, each mode set forms a complete orthogonal
solution set of the paraxial wave equations in cylindrical and Cartesian coordinates,
respectively. Next, we outlined step by step the process of digital hologram generation
to produce theses modes. Moreover, since most optical fields requires the shaping
of both, amplitude and phase degrees of freedom for an accurate reproduction, we
outlined two commonly used techniques to perform such modulations. The first
comprises the generation of phase-only holograms whereas the second one consists in the
generation of holograms where the amplitude modulation is embedded in the phase to
generate a complex amplitude modulation hologram. Of these two techniques, complex
amplitude modulation reproduces optical modes with higher qualities. Not surprising,
its implementation is rather challenging. Nevertheless several approaches have being
derived over the years to outline its implementation. Here we only focused on one of
these methods, described in the text, which produces spatial modes with high quality.
Both described techniques allows the multiplexing of many beams and the methodology
to accomplish this was also explained to detail in the main text. Moreover, we analyzed
the quality of the generated modes while increasing the number of multiplexed modes
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from 1 up to 225. This analysis provides with useful information of how the mode
quality decreases as the number of multiplexed modes increases. Further analysis of the
mode quality as function of the resolution of the screen’s digital device were carried out
through the angular spectrum method. These revealed, as expected, that the quality of
the modes decays as the resolution decreases.
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